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ABOUT THE INJECTIVITY RADIUS AND THE RICCI
TENSOR OF A COMPLETE RIEMANNIAN MANIFOLD
Se´rgio L. Silva
Abstract. In this paper we obtain a simple upper bound for the infimum of the
Ricci curvatures of a complete Riemannian manifold Mn with nonzero injectivity
radius i(M) depending only on of the i(M). In case of rigidity the Riemannian
manifold must be an n-dimensional Euclidean sphere(Euclidean space) conform the
injectivity radius be finite(infinite). Furthermore with the additional assumption
that the second derivative of the Ricci tensor of Mn is null we prove that the same
upper bound for the infimum of the Ricci curvatures holds for the supremum of the
Ricci curvatures and Mn has, in fact, parallel Ricci tensor.
1. Introduction
Let Mn be a differentiable n-dimensional complete Riemannian manifold with
metric 〈 , 〉 and Levi-Civita connection ∇. The curvature tensor R ofMn is defined
by
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z
for all differentiable vector fields X, Y and Z on Mn.
We denote by TpM the tangent space of M
n at p, expp the exponential map of
Mn at p, d the intrinsic distance function on Mn an by C(p) the cut locus of p.
The injectivity radius of Mn is given by
i(M) = inf
p∈M
d(p, C(p)).
The Ricci Tensor of Mn, denoted by Ric, is the differentiable symmetric 2-form
Ricp(v, w) =
1
n− 1
n∑
ı=1
〈Rp(v, eı)eı, w〉
for all p ∈ TpM and v, w ∈ TpM , being e1, . . . , en an orthonormal basis of TpM .
Given p ∈ Mn and a unitary vector v tangent to Mn at p, the number Ricp(v, v)
is called the Ricci curvature of Mn at p in the direction v.
For a differentiable k-form ω on Mn its covariant derivative is the (k + 1)-form
∇ω given by
∇ω (X1,X2, . . . ,Xk+1) = X1 (ω (X2, . . . , Xk+1))−
k+1∑
ı=2
ω
(
X2, . . . ,∇X1Xı, . . . ,Xk+1
)
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for all vector fields X1, X2, . . . , Xk+1 on M
n. For m ≥ 2, we put ∇mω =
∇
(
∇m−1ω
)
. We say that ω is parallel on Mn when ∇ω ≡ 0.
Let T1M denote the unitary tangent bundle of M
n, that is,
T1M = { (q, w) : q ∈M
n, w ∈ TqM, ||v|| = 1 } .
Our first result is a simple upper bound for the infimum of the Ricci curvature of
a complete Riemannian manifold with nonzero injectivity radius as a function on
T1M . If i(M) is infinite follows immediately from Myers’ and Bonnet’s Theorems
that inf
(q,w)∈T1M
Ricq(w,w) ≤ 0. Note that if equality holds then M
n is isometric to
the Euclidean space Rn by a splitting theorem(see Theorem 2 in [C-G]) since any
geodesic is a line. When i(M) is finite we obtain the following result
Theorem 1.1. Let Mn be a complete Riemannian manifold with 0 < i(M) <∞.
Then,
inf
(q,w)∈T1M
Ricq(w,w) ≤
[
pi
i(M)
]2
.
If equality holds then Mn is isometric to the sphere of diameter i(M).
Our next result establishes that if a complete Riemannian manifold satisfies
∇2Ric ≡ 0 then Mn has, in fact, parallel Ricci tensor and the same upper bound
for the infimum of the Ricci curvatures also holds for the supremum of the Ricci
curvature. More precisely, we have the following result
Theorem 1.2. Let Mn be a complete Riemannian manifold with ∇2Ric ≡ 0. Then
the following hold:
(i) If i(M) 6= 0 then the Ricci tensor of Mn is parallel. Furthermore, if i(M) =
∞ then the Ricci curvature is non-positive on Mn and if 0 < i(M) < ∞ then
sup
(q,w)∈T1M
Ricq(w,w) ≤
[
pi
i(M)
]2
.
(ii) If n = 2 (M is a surface) then M2 has constant Gaussian curvature.
2. Proofs of Theorem 1.1 and Theorem 1.2
Proof of Theorem 1.1. Given (p, v) ∈ T1M and a real number to such that 0 < to <
d(p, C(p)), let γ be the normalized geodesic satisfying γ(0) = p and γ′(0) = v. The
geodesic γ is minimizing from 0 to to. Consider an orthonormal basis e1 = v, e2,
. . . , en of TpM and the variations fi(t, s) = expγ(t)s Vi(t), t ∈ [0, to], s ∈ R, where
Vi(t) = ei(t) sin
(
pi t
to
)
with ei(t) being the parallel translate of ei along γ. For each
i and s, the curve θis(t) = fi(t, s), t ∈ [0, to], is a curve joining p to γ (to) with
θi0 = γ|[0,to]. Since θ
i
0 is minimizing we can write
(2.1) 0 ≤ E′′i (0) for all i = 2, . . . , n.
Above Ei(s) =
∫ to
0
∣∣∣dθisdt (t)∣∣∣2 dt is the energy of θis. The second derivative of Ei is
given by
1
2
E′′i (s) = −
∫ to
0
〈
R
(
∂fi
∂t
,
∂fi
∂s
)
∂fi
∂s
,
∂fi
∂t
〉
dt(2.2)
+
∫ to
0
[〈
D
dt
D
ds
∂fi
∂s
,
∂fi
∂t
〉
+
∣∣∣∣Ddt ∂fi∂s
∣∣∣∣
2
]
dt.
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We have ∂fi
∂t
(t, 0) = γ′(t), ∂fi
∂s
(t, 0) = Vi(t) and
D
ds
∂fi
∂s
(t, s) = 0. Consequently,
1
2
E′′i (0) = −
∫ to
0
sin2
(
pit
to
)
〈R (γ′(t), ei(t)) ei(t), γ
′(t)〉 dt(2.3)
+
∫ to
0
(
pi
to
)2
cos2
(
pit
to
)
dt.
and
1
2
n∑
ı=2
E′′i (0) = −(n− 1)
∫ to
0
sin2
(
pit
to
)
Ricγ(t) (γ
′(t), γ′(t)) dt(2.4)
+ (n− 1)
∫ to
0
(
pi
to
)2
cos2
(
pit
to
)
dt.
Due to (2.1) we can write
0 ≤ −
∫ to
0
sin2
(
pit
to
)
Ricγ(t) (γ
′(t), γ′(t)) dt+
∫ to
0
(
pi
to
)2
cos2
(
pit
to
)
dt
≤ − inf
(q,w)∈T1M
Ricq(w,w)
∫ to
0
sin2
(
pit
to
)
dt+
∫ to
0
(
pi
to
)2
cos2
(
pit
to
)
dt
=
to
2
[(
pi
to
)2
− inf
(q,w)∈T1M
Ricq(w,w)
]
.
The above inequality implies that inf
(q,w)∈T1M
Ricq(w,w) ≤
(
pi
to
)2
for all to such that
0 < to < d(p, C(p)). If d(p, C(p)) is infinite for some p then inf
(q,w)∈T1M
Ricq(w,w) ≤ 0
and inequality in Theorem 1.1 is immediate. So we can suppose d(p, C(p)) finite
for all p ∈M . In this case,
inf
(q,w)∈T1M
Ricq(w,w) ≤
(
pi
d(p, C(p))
)2
.
Since i(M) = inf
p∈M
d(p, C(p)) and i(M) is finite and nonzero the inequality in Theo-
rem 1.1 follows. If equality holds then Ricq(w,w) ≥
(
pi
i(M)
)2
for all (q, w) ∈ T1M .
So by Myers’ and Bonnet’s Theorems Mn is compact and has diameter less than
or equal to i(M). Consequently, the diameter of Mn is i(M). Now that Mn is
isometric to the sphere of diameter i(M) follows from Theorem 3.1 in [SC](see also
[KS]). 
Before proving Theorem 1.2 we prove the following proposition
Proposition 2.1. Let Mn be a complete Riemannian manifold with ∇2Ric ≡ 0.
Then for all p ∈ Mn, all unitary vector v in TpM and all to such that 0 < to <
d(p, C(p)) we have Ricp(v, v) ≤
(
pi
to
)2
. In particular, if d(p, C(p)) is finite then
Ricp(v, v) ≤
(
pi
d(p,C(p))
)2
for all unitary vector v in TpM .
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Proof. Since ∇2Ric ≡ 0, for the normalized geodesic γ such that γ(0) = p and
γ′(0) = v, we have
(2.5) Ricγ(t) (γ
′(t), γ′(t)) = aγ t+ bγ , t ∈ R,
with aγ = ∇Ricp(v, v, v) and bγ = Ricp(v, v). As in proof of Theorem 1.1 if we
consider the variations fi(t, s), i = 2, . . . , n, using (2.1), (2.4) and (2.5), we deduce
that
(2.6) 0 ≤ −
∫ to
0
sin2
(
pit
to
)
(aγ t+ bγ)dt+
∫ to
0
(
pi
to
)2
cos2
(
pit
to
)
dt.
Thus,
(2.7) 0 ≤ −
aγ
4
t2o −
bγ to
2
+
1
2
pi2
to
,
that is,
(2.8) 0 ≤ −aγ t
2
o − 2bγ to + 2
pi2
to
.
If we use the geodesic β such that β(0) = p and β′(0) = −v, proceeding analogous
to the above, give us
(2.9) 0 ≤ aγ t
2
o − 2bγ to + 2
pi2
to
.
As a consequence of (2.8) and (2.9) we have
0 ≤ −4bγ to + 4
pi2
to
.
and
(2.10) Ricp(v, v) = bγ ≤
(
pi
to
)2
.

Corollary 2.2. Let Mn be a complete Riemannian manifold with ∇2Ric ≡ 0. If γ
is a normalized ray satisfying γ(0) = p and γ′(0) = v then aγ = ∇Ricp(v, v, v) ≤ 0.
Case aγ = 0, we must have bγ = Ricp(v, v) ≤ 0. Equivalently, Ricγ (γ
′, γ′) is either
decreasing or constant non-positive when γ is a ray.
Proof. Since γ is a ray it is minimizing from 0 to to for all to > 0. Then the
inequality (2.8) holds for all to > 0. Consequently, aγ = ∇Ricp(v, v, v) ≤ 0. If
aγ < 0 then Ricγ(t) (γ
′(t), γ′(t)) = aγt+ bγ , t ∈ R, is decreasing. Case aγ = 0, we
have Ricγ(t) (γ
′(t), γ′(t)) = bγ for all t ∈ R and is clear from (2.8) that bγ ≤ 0. 
INJECTIVITY RADIUS AND THE RICCI TENSOR 5
Corollary 2.3. Let Mn be a complete Riemannian manifold with ∇2Ric ≡ 0. If
γ is a normalized line satisfying γ(0) = p and γ′(0) = v then ∇Ricp(v, v, v) = 0
and Ricp(v, v) ≤ 0. Equivalently, Ricγ (γ
′, γ′) is constant non-positive when γ is a
line.
Proof. Since γ is a line the inequalities (2.8) and (2.9) hold for all to > 0. Thus,
aγ = ∇Ricp(v, v, v) = 0 and Ricγ(t) (γ
′(t), γ′(t)) = bγ for all t ∈ R with bγ =
Ricp(v, v) ≤ 0. 
Corollary 2.4. Let Mn be a complete Riemannian manifold with ∇2Ric ≡ 0. If
d(p, C(p)) =∞ then Ricp(v, v) ≤ 0 for all unitary vector v ∈ TpM .
Proof. Since d(p, C(p)) =∞, by Proposition 2.1, the inequality Ricp(v, v) ≤
(
pi
to
)2
holds for all unitary vector v ∈ TpM and all to > 0. Consequently, Ricp(v, v) ≤ 0
for all unitary vector v ∈ TpM . 
Proof of Theorem 1.2.
(i) If i(M) = ∞ then d(p, C(p)) = ∞ for all p ∈ Mn and the Corollary 2.4
gives Ricp(v, v) ≤ 0 for all p ∈ M
n and all unitary vector v ∈ TpM . If 0 <
i(M) < ∞ then for all p such that d(p, C(p)) < ∞ it holds that Ricp(v, v) ≤[
pi
d(p,C(p))
]2
for all unitary vector v ∈ TpM due to Proposition 2.1. Consequently,
Ricp(v, v) ≤
[
pi
i(M)
]2
for all p ∈ Mn and all unitary vector v ∈ TpM . In any case
there exists a nonnegative constant ρ such that Ricp(v, v) ≤ ρ for all p ∈ M
n and
all unitary vector v ∈ TpM . Now given p ∈ M
n and unitary vectors v, w ∈ TpM
we consider the geodesic γ such that γ(0) = p and γ′(0) = v. If w(t) is the
parallel translate of w along γ, we can write Ricγ(t)(w(t), w(t)) ≤ ρ for all t ∈
R. Since ∇2Ric ≡ 0 we have Ricγ(t)(w(t), w(t)) = ∇Ricp(v, w,w) t + Ricp(w,w).
Consequently, ∇Ricp(v, w,w) = 0 for all p ∈ M
n and all unitary vectors v, w ∈
TpM . Since ∇Ricp is a symmetric tensor in the last two coordinates we deduce that
∇Ricp ≡ 0. Being p arbitrary, we conclude that M
n has parallel Ricci tensor. 
(ii) If dimM = 2 then the Ricci curvature Ricp(v, v), for all p ∈ M
n and all
unitary vector v ∈ TpM , is the Gaussian curvature at p denoted by K(p). So
for a normalized geodesic γ we have Kγ(t) = K(γ(t)) = aγ t + bγ , t ∈ R, where
aγ and bγ are real constants depending on γ. We affirm that Kγ is constant for
any geodesic γ. In fact, suppose on the contrary that aγ 6= 0 for some geodesic
γ. Changing γ by β such that β(t) = γ(−t) if necessary we can assume that
aγ > 0, that is, Kγ is increase. Observe that the geodesic γ is not contained in any
compact set of Mn since Kγ is unbounded. Consider to > 0 such that Kγ(to) > 0.
Since dKγ(to) (γ
′(to)) = aγ > 0 and dKγ(to) (−γ
′(to)) = −aγ < 0, there exists
an unitary vector w ∈ Tγ(to)M such that dKγ(to)(w) = 0. Let θ be the geodesic
with θ(0) = γ(to) and θ
′(0) = w. It holds that Kθ(t) = K(θ(t)) = aθ t + bθ with
aθ = K
′
θ(0) = dKγ(to)(w) = 0. Consequently, Kθ is constant. Take a sequence of
positive real numbers tn such that tn →∞ and that pn = γ (to + tn) be divergent.
Fixed a point q = θ(s), consider a normalized minimal geodesic γn from q to pn.
Observe that bθ = Kθ(s) = K(q) = Kθ(0) = K(γ(to)) = Kγ(to) > 0 because K is
constant over θ. Supposing γn(t) = expqtun and changing un by a subsequence if
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necessary we may assume un → u. The geodesic α(t) = expqtu, t ∈ R, is a ray.
Then dKq(u) = aα ≤ 0 by Corollary 2.2. For each n, Kγn is increasing since is an
affine function and
Kγn(0) = K(q) = K(γ(to)) < K(γ(to + tn)) = Kγn(d(q, γ(to + tn)).
Recall that Kγ is increasing. Thus K
′
γn
(t) = K ′γn(0) = dKq(un) > 0. Taking the
limit we deduce that dKq(u) = lim
n→∞
dKq(un) ≥ 0. Then, dKq(u) = 0 and Kα is
constant non-positive along α by Corollary 2.2. But Kα(0) = K(q) > 0 give us a
contradiction. Hence Kγ is constant for any normalized geodesic γ. Now follows
that M2 has constant Gaussian curvature since it is complete. 
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